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It is known that any two-outcome quantum measurement can be decomposed into a continuous
stochastic process using a feedback loop. In this article, we characterize which of these decomposi-
tions are possible when each iteration of the feedback loop consists of a weak measurement caused
by an interaction with a probe system. We restrict ourselves to the case when the probe is a qubit
and the interaction Hamiltonian between the probe and system is constant. We find that even
given the ability to perform arbitrary unitary pulses throughout the continuous decomposition, only
generalized measurements with two distinct singular values are achievable. However, this is suffi-
cient to decompose a generalized qubit measurement using a qubit probe and a simple interaction
Hamiltonian.
PACS numbers: 0.3.65.Aa, 03.65.Ta
Keywords: quantum continuous measurement, quantum feedback control, random walk
I. INTRODUCTION
In [1] the authors describe a scheme for generalized
quantum measurements that allows for the probabilities
of each outcome to be monitored continuously. The abil-
ity to halt the quantum measurement at a desired confi-
dence then plays a crucial role in proving the inability of
two parties sharing Local Operations and Classical Com-
munication (LOCC) to successfully identify orthogonal
product states. The continuous scheme, however, relies
on attaching a large number of ancilla and the ability to
perform large unitary operations on their joint system.
In [2, 3] the authors develop an alternative scheme that
instead uses only diffusive weak measurements [4] with
closed-loop feedback.
In this paper we aim to characterize a continuous mea-
surement procedure that lies between the two schemes
above. We are motivated by both theoretical and exper-
imental considerations. Many quantum mechanical sys-
tems either have naturally slow measurement times, or
can only be probed weakly. For example, the beautiful
experiments of Haroche and Raimond [5] use a stream
of Rydberg atoms to repeatedly probe the state of a
microwave mode in a superconducting cavity. Homo-
dyne and heterodyne measurements are widely used in
optics, and produce a continuous output current. Super-
conducting qubits (or similar solid-state devices) can be
measured by a weak dispersive coupling to a microwave
cavity, which can be measured in turn by homodyne mea-
surement. Magnetic resonance force microscopy [6] can
do single-spin measurement by a continuous measure-
ment procedure. Moreover, latency is sufficiently low in
modern experiments that it is possible to do continuous
feedback in real time, as has already been demonstrated
in the microwave cavity/Rydberg atom system [7].
For most quantum systems, there is no direct way to
implement a given generalized measurement. General-
ized measurements are performed by unitary coupling to
an ancillary system, followed by projective measurement
on the ancilla. In this paper, we explore the type of mea-
surements that can be built up from a particular type
of fixed weak interaction. Moreover, the type of proto-
cols we explore in this paper are examples of closed-loop
quantum control, where continuous measurement is fed
back not just to control the Hamiltonian of the system
but the continuous measurement itself. Such feedback
can be used, for example, to improve the accuracy of
phase measurements [8]. Here, we use it to decompose
generalized measurements, but no doubt other types of
protocols can be done using similar techniques.
We consider a situation where the system to be mea-
sured can only be probed weakly, and the experimenter
has only limited control over the system itself. The inter-
action between the probe and the system is fixed. The
experimenter, however, has complete control over both
the preparation and measurement of the probes. We wish
to characterize what combinations of probe states, mea-
surements, and interaction Hamiltonians yield continu-
ous decompositions of generalized measurements.
Our results will concern only qubit probes. Although
this may seem like a rather narrow class of experiments it
is a natural setting for two-outcome measurements. Our
results will apply equally well to the procedure outlined
in [1, 2] that allows for any general n-outcome measure-
ment to be decomposed into a series of two-outcome mea-
surements.
This paper is organized as follows: In Section II we
introduce the discretized steps of a continuous measure-
ment (weak measurements), and review how they can be
constructed from a qubit probe. In Section III we state
and prove our main result about interaction Hamiltoni-
ans between the probe and system. In Section IV we
briefly discuss the role of unitary pulses in our scheme.
In Section V we exhibit how our model can be used to de-
compose a generalized diagonal measurement on a system
qubit using a qubit probe and the interaction Hamilto-
nian Z ⊗Z. We summarize these findings in Section VI.
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2II. REVERSIBLE WEAK MEASUREMENTS
AND RANDOM WALKS
In [2, 9] the authors show how to to decompose an
instantaneous quantum measurement into a continuous
process. Such a decomposition must respect two proper-
ties: that the state of the system being measured evolve
smoothly, and that the entire continuous process allow for
multiple possible outcomes. If we consider a discretized
version of the process, then a sequence of diffusive weak
measurements [4] satisfies both of these requirements. A
weak measurement is parametrized by a “strength” pa-
rameter δ and its associated operators have the general
form
Mk ∝ 1+ δεˆk,
where εˆk is an operator of bounded norm. Since the out-
come of each measurement is a random function of the
state, a sequence of weak measurements forms a stochas-
tic process.
However, if a stochastic process is to be a faithful de-
composition of a quantum measurement, then the result
of the process must depend only on the state being mea-
sured and not on the total time of the evolution. In [2]
the authors show that this can be accomplished by cast-
ing the weak measurement steps as corresponding to a 1-
dimensional random walk indexed by the pointer variable
x. In this case the result of the process does not depend
on total time but, instead, on the drift of the pointer x
which is, in turn, dependent on the state. Each weak
measurement step updates x to x ± δ depending on the
result. Any dependence on the duration of the process
is accounted for by constructing step operators M±(x)
that cancel when applied in opposite directions. More
precisely, the scheme requires the steps to be reversible
(Def. II.1).
Definition II.1 (Reversibility condition). We say a
one-parameter family of weak measurement operators
{M±(x)}x satisfies the reversibility condition if
M∓(x± δ)M±(x) ∝ 1 (1)
for all x in a given interval.
The step operators M±(x) in Eq. (1) are chosen such
that the first operator updates x to x± δ and the second
returns it to (x ± δ) ∓ δ = x. If the product of the two
is proportional to the identity, then the operators have
no net effect on the system state up to a normalization
constant.
To help clarify this construction, we provide a graph-
ical representation in Figure 1. As one can see, there is
one random walk performed by the pointer x and another
random walk performed by the evolution of the system
state under each weak measurement. The path of both
walks is uniquely parametrized by x.
The evolution operator M(x) describing the total evo-
lution of the state under the random walk above is given
FIG. 1: The random walk construction begins at x = 0
with a weak measurement given by the step operators
M±(0). Each successive step of the walk contributes to
the total walk operator, Eq. (2), via one of the two step
operators and updates x accordingly. The walk termi-
nates at either endpoint ±X where the total walk opera-
tor is designed to match the desired instantaneous mea-
surement.
by the product of step operators from the initial state at
x = 0 to the current value of the pointer variable x,
M(x) ∝

b|x|/δc∏
j=0
M+(jδ) x > 0
b|x|/δc∏
j=0
M−(−jδ) x < 0
(2)
The particular instantaneous two-outcome measure-
ment to which this decomposition corresponds is given
by the endpoints of the random walk in the continuous
limit,
M1 = lim
δ→0
M(X) and M2 = lim
δ→0
M(−X) (3)
Altogether, these operators define a continuous decom-
position.
Definition II.2 (Continuous decomposition). We call a
one-parameter family of weak measurements {M±(x)}x
a continuous decomposition of {M1,M2} if {M±(x)}x
satisfy the reversibility condition (Def. II.1) and the end-
points, as given by Eq. (3), match M1 and M2. We call
{M±(x)}x the step operators of this decomposition.
We are interested in performing the step operators de-
scribed above via a projective measurement on a weakly
interacting probe. In Figure 2 we illustrate preparing a
probe state, allowing the probe and system to interact
for a short time δ, and then measuring the probe to up-
date x. In the continuous limit, this feedback loop is
considered to occur instantaneously. We call the circuit
in Figure 2 a probe feedback loop.
Definition II.3 (Probe feedback loop). We say that
a one-parameter family of 2-outcome measurements
{M±(x)}x is generated by a probe feedback loop if the
measurement operators are of the form
M±(x) = 〈Φ±(x)|eiδHPS |σ(x)〉,
3FIG. 2: In the above figure, we model a single step of
the stochastic process for a pointer value x. Time flows
from left to right. The value of the pointer variable is
classical and thus symbolized by a double line. All single
lines are quantum states. The probe state |σ(x)〉P is a
qubit prepared according to the pointer variable. The
probe and system |ψ〉 are then permitted to interact via
the Hamiltonian HPS . The probe is destroyed in the
projective measurement {〈Φ±(x)|} which can depend on
x although we sometimes drop this dependence in our
notation. The result of the measurement is then used to
update the pointer variable for the following step.
where |σ(x)〉 is the probe qubit, |Ψ±〉 are two orthog-
onal states associated with the destructive measurement
of the detector, and HPS is the interaction Hamiltonian
between the probe P and system S.
In some cases, the probe feedback loops are interlaced
with weak unitary pulses on the system. These unitaries
play a special role in that they encapsulate some notion
of the experimentalist’s power. In our efforts to charac-
terize all measurements possible with a given HPS , we
will assume that an “all-powerful” experimentalist will
have the ability to perform any unitary pulse. We will
examine constraints on the pulses available to the exper-
imentalist in Section III B.
The most general Hamiltonian we can write for the
interaction of a qubit probe and an arbitrary quantum
system is the following
HPS = 1⊗HS +X ⊗HX + Y ⊗HY + Z ⊗HZ (4)
where 1, X, Y , Z are the usual Pauli matrices on the
probe state P , and HS , HX , HY , HZ are corresponding
Hermitian matrices on the system S. Recalling our ex-
pression for the step operator above, we note that it now
explicitly depends on the geometry of the probe state, the
projective measurement, and the Pauli matrices. Com-
bined with our requirement for step operator reversibility,
Eq. (1), we can begin to investigate which decompositions
are possible.
Before we begin, however, we note that we are afforded
one advantage through our random walk construction
because the reversibility condition need not be met ex-
actly. Consider that a classical random walk must take
O(N2) steps to converge with fixed probability (where
N = X/δ). This implies that the total walk operator in
Eq. (2) will accumulate N2O(δ) terms, N2O(δ2) terms,
and so on. However, since the contribution of N2O(δ3)
terms vanishes as δ → 0 regardless of whether or not
the step operators are exactly reversible, we only require
that the reversibility condition of Eq. (1) be met only up
to O(δ2). As we discover below, this requirement is still
the source of the most stringent limitations on possible
decompositions.
III. MAIN RESULT
We consider Hamiltonians where the strength of vari-
ous terms cannot be engineered. We call these “fixed” in
the sense that at every weak-measurement step, the in-
teraction between the probe and the system is identical.
We allow for weak unitary pulses to be applied in between
each step and we later specify which types of pulses are
necessary to achieve the class of measurements we find
below.
Theorem 1. Any continuous decomposition (Def. II.2)
with step operators generated by a probe feedback loop
(Def. II.3), can only match a 2-outcome measurement of
the form
M1 = U1 (α ΠS + β ΠS⊥)V,
M2 = U2
(√
1− α2 ΠS +
√
1− β2 ΠS⊥
)
V,
where U1, U2, and V are unitary matrices and ΠS, ΠS⊥
are projectors onto orthogonal subspaces of the system
space.
A. Proof of Theorem 1
We begin with the following observation about weak-
measurements generated from qubit probes; when inter-
preted on the Bloch sphere, there is a geometric con-
straint between the probe and the detector.
Definition III.1 (Probe basis). For any qubit probe
|σ(x)〉 and projective qubit measurement 〈Ψ±|, we de-
fine a real orthonormal basis for the Bloch sphere
{~n1(x), ~n2(x), ~n3(x)}. We call this a probe basis if
• ~σ, the Bloch vector associated with the probe state
|σ(x)〉, is no further than distance δ from ~n1,
• ~n2 is the Bloch vector associated with |Φ+〉,
• and ~n3 = ~n1 × ~n2.
The constraint itself is expressed in the following
lemma, the proof of which can be found in the Appendix.
Lemma 1 (Probe basis of a weak measurement). Any
diffusive weak measurement given by a probe feedback loop
(Def. II.3) with a probe basis {~n1(x), ~n2(x), ~n3(x)} must
have ~n2 · ~σ ∼ O(δ). Thus, an orthonormal basis for the
Bloch sphere that approximates the probe and detector
always exists.
4The lemma above yields an important tool for our anal-
ysis. Recall that for a given interaction Hamiltonian we
seek to characterize the weak measurement step opera-
tors achievable via any probe feedback loop parametrized
by x. However, we can instead fix a probe basis for the
probe feedback loop and consider a family of interaction
Hamiltonians H ′PS(x) which give rise to the same set of
weak measurement step operators. This transformation
is performed with the following identifications
HPS = X ⊗HX + Y ⊗HY + Z ⊗HZ
= ~n1(x) · ~PH1(x) + ~n2(x) · ~PH2(x) + ~n3(x) · ~PH3(x)
where ~P = [X , Y , Z]
T
and H1(x)H2(x)
H3(x)
 =
 ~n1(x) ~n2(x) ~n3(x)
 HXHY
HZ
 .
We will also later abbreviate the vectors above
as ~H ′(x) = [H1(x) , H2(x) , H3(x)]
T
and ~H =
[HX , HY , HZ ]
T
. Finally, we define an interaction
Hamiltonian in the probe basis
H ′PS(x) = X ⊗H1(x) + Y ⊗H2(x) + Z ⊗H3(x),
and this yields an advantageous rewriting of the weak
measurement step operators
M±(x) = 〈Ψ±(x)| exp (iδHPS) |σ(x)〉
= 〈±| exp (iδH ′PS(x)) |0〉+O(δ).
In this basis, the detector states |Φ±〉 are |±〉, the ±1
eigenstates of X, and the initial state |σ(x)〉 is close to
|0〉, the +1 eigenstate of Z. This choice also allows us
to ignore the 1P ⊗HS term in the general Hamiltonian
Eq. (4) since 〈±|1|0〉 = 〈±|Z|0〉 and any contribution
from HS can be rewritten as part of H3.
In lemma 1 we required that the probe and detec-
tor Bloch vectors be orthogonal only up to O(δ). We
will therefore allow the probe states to be perturbed
from |0〉 in our analysis. This causes an adjustment in
our expression for the weak measurement step operators,
parametrized by two functions c(x) and ψ(x),
|σ(x)〉 = cos (δc(x)) |0〉+ sin (δc(x)) eiψ(x)|1〉
≈ |0〉+ δc(x)eiψ(x)|1〉
= |0〉+ δ|∆(x)〉,
where in the last line we’ve implicitly defined |∆(x)〉 =
c(x)eiψ(x)|1〉. Equivalently, this contributes a term of
O(δ) to our step operators
M±(x) = 〈±|eiδH′PS(x)|0〉+ δ〈±|eiδH′PS(x)|∆(x)〉. (5)
Grouping together O(1), O(δ) and O(δ2) terms in the
above expression yields
M±(x) = 〈±|
(
|0〉+ δ|∆(x)〉
)
· 1
+iδ〈±|H ′PS(x)
(
|0〉+ δ|∆(x)〉
)
− δ
2
2
〈±|H ′PS(x)2|0〉
=
1√
2
+ δ
(
i〈±|H ′PS(x)|0〉 ±
c(x)eiψ(x)1√
2
)
−δ
2
2
(
〈±|H ′PS(x)2|0〉 − 2i〈±|H ′PS(x)|∆(x)〉
)
=
1√
2
+ δM
(1)
± (x)−
δ2
2
M
(2)
± (x),
where we’ve implicitly defined M
(1)
± (x) and M
(2)
± (x) to
collect the O(δ) and O(δ2) terms. We can now write the
reversibility condition in terms of the above:
M∓(x± δ)M±(x)
=
(
1√
2
+ δM
(1)
∓ (x± δ)−
δ2
2
M
(2)
∓ (x± δ)
)
·
(
1√
2
+ δM
(1)
± (x)−
δ2
2
M
(2)
± (x)
)
=
1
2
+
δ√
2
(
M
(1)
∓ +M
(1)
±
)
(6)
− δ
2
2
√
2
(
∓2∂xM (1)∓ +M (2)∓ +M (2)± − 2
√
2M
(1)
∓ M
(1)
±
)
,
where we’ve dropped x-dependence in the last line for
legibility. First, for the O(δ) term we find
M
(1)
∓ +M
(1)
± = i
√
2〈H ′PS〉0 = i
√
2H3.
We provide the calculations for the following O(δ2) terms
in Appendix A:
M
(2)
∓ +M
(2)
± − 2
√
2M
(1)
∓ M
(1)
±
=
√
2
(
2(H22 +H
2
3 ) + i [H1 ±H3, H2]
−i {H1, H2} ± [H3, H1] + 4ceiψH2
)
. (7)
Expanding the ∂xM
(1)
∓ term is a bit more complicated
since it corresponds to an infinitesimal rotation of the
probe basis at each value of x. We can define an axis
of rotation on the Bloch sphere with three components
~Ω(x) = [Ω1(x) , Ω2(x) , Ω3(x)], so that ∂x ~H
′(x) =
~Ω(x)× ~H ′(x). This implies that
∓2∂xM (1)∓ =
√
2 [i,−1,∓i] ·
(
~Ω× ~H ′
)
,
where we’ve ignored any term proportional to the identity
operator as these automatically satisfy the reversibility
condition. Altogether these reductions yield the expres-
sion of interest for the reversibility condition,
M∓(x± δ)M±(x)
=
1
2
+ iδH3 − δ
2
2
{
[i,−1,∓i] ·
(
~Ω× ~H ′
)
+2(H22 +H
2
3 ) + i [H1 ±H3, H2]
−i {H1, H2} ± [H3, H1] + 4ceiψH2
}
.
5Finally, we group terms into four types: constant-
Hermitian A, stochastic-Hermitian B (that is, with a
factor of ±), constant-anti-Hermitian iA¯, and stochastic-
anti-Hermitian iB¯:
M∓(x± δ)M±(x) = 1
2
+ iδH3− δ
2
2
{
A±B + iA¯± iB¯} ,
(8)
where
A = −[~Ω× ~H ′]2 + 4c cosψH2 + 2H22 + 2H23 + i [H1, H2] ,
B = −i [H2, H3] ,
A¯ = [~Ω× ~H ′]1 + 4c sinψH2 − {H1, H2} ,
B¯ = −[~Ω× ~H ′]3 − i [H1(x), H3(x)] .
If the reversibility condition is to be satisfied then these,
along with the O(δ) term, must each be individually pro-
portional to 1. This can be done either by restrictions on
the Hamiltonian terms, or by canceling the terms through
unitary pulses applied when the random walk changes di-
rection.
To eliminate the H3 term, we must either set H3 ∝
1, or perform a weak unitary pulse of the form U1 =
exp (2iδH3). As it happens, setting H3 ∝ 1 does not
change the analysis that follows and thus we’ll assume
instead that the experimentalist performs the pulse U1
at each reversal of the walk direction.
Next, we assume that both the A¯ and B¯ term can be
eliminated via a series of weak unitary pulses of the form
U2 = exp
(
iδ2H
)
where H is some Hermitian operator
containing linear combinations and products of HX , HY ,
and HZ . This leaves only A and B terms:
A = −[~Ω× ~H ′]2 + 4c cosψH2 + 2H22 + i [H1, H2] (9)
B = −i [H2, H3] . (10)
Since B is traceless it cannot be proportional to the iden-
tity and must be set to 0. However, A is not traceless
and we must consider a more complicated solution, one
where A is equal to α1 for some constant α:
Ω3H1 − Ω1H3 + 4c cosψH2 + 2H22 + i [H1, H2] = α1.
Using lemma 2 in the appendix we find that
Ω3H1 − Ω1H3 + 4c cosψH2 + 2H22 = α1
also implies that [H1, H2] = 0. Together with the com-
mutation relation from B, this means that we can now
express all Hamiltonian terms in one common diagonal
basis:
HPS =
∑
j
(Xxj(x) + Y yj(x) + Zzj(x)) |j(x)〉〈j(x)|.
(11)
In order to satisfy the condition A ∝ 1, we must con-
sider the diagonal components of H2 as they appear in
equation Eq. (9):
∂xyj(x) = q0(x) + q1(x)yj(x) + q2(x)y
2
j (x), (12)
where q0(x) = α from above, q1(x) = −4c(x) cosψ(x),
and q2(x) = 2. This differential equation is a special in-
stance of the Riccati equation, the solution to which can
be found in [10]. In particular, if any solution, y(1)(x), is
known, then the general solution is of the form
yj(x) = y
(1)(x) +
Φ(x)
Cj −
∫
q0(x)Φ(x)dx
.
for Φ(x) = exp
∫
2q0(x)y
(1)(x)+q1(x)dx. The important
feature of this solution is that there is only one free pa-
rameter Cj available to match any boundary condition.
To complete the proof, we focus on which instan-
taneous measurements M1, M2 are achievable at the
end points of a continuous decomposition. First, note
that all terms in Eq. (11), including the diagonal basis
|j(x)〉〈j(x)|, are assumed to be x-dependent. Consider
the unitary U(x) which diagonalizes H1(x), H2(x), and
H3(x). Each of these is a linear combination of HX , HY ,
and HZ , and since they are all linearly independent, U(x)
must also diagonalize H1, H2, and H3. Whatever unitary
does this, however, cannot depend on x, and therefore,
the basis |j〉〈j| is not x-dependent. Only the yj(x), xj(x),
and zj(x) coefficients depend on x. This means that ev-
ery step operator is diagonal in the same basis, and we
can write the general form
M±(x) =
1√
2
∓ δ√
2
∑
j
(yj(x)− c(x) cosψ(x)) |j〉〈j|
+
δ√
2
∑
j
i (zj(x)± xj(x)± c(x) sinψ(x)) |j〉〈j|.
Thus the endpoint measurement operators must also be
diagonal in the j basis, and the first of these has the form
M1 ∝ lim
δ→∞
bX/δc∏
j=0
M+(jδ)
∝ lim
δ→∞
bX/δc∏
j=0
diag {1− δyj(x) + iδ (zj(x) + xj(x))}
= diag
{
exp
(∫ X
0
−yj(x) + i (zj(x) + xj(x)) dx
)}
.
where the notation diag {·} represents a diagonal ma-
trix with entries indexed by j. Both xj(x) and zj(x)
only contribute a total phase to each of the diagonal
elements. If we let w
(1)
j =
∫X
0
zj(x) + xj(x)dx and
W1 = diag
{
exp iw
(1)
j
}
then
M1 ∝W1 · diag
{
exp
(
−
∫ X
0
yj(x)dx
)}
.
Following a similar procedure, we find that
M2 ∝W2 · diag
{
exp
(∫ 0
−X
yj(x)dx
)}
6with W2 defined accordingly. Recall however, that these
must form a complete measurement, and so they must
satisfy M†1M1 +M
†
2M2 = 1. This condition restricts the
parameter Cj . Consider the j
th diagonal entry of M†1M1
(up to an overall normalization identical for all j),
exp
(
−2Y (X)− 2
∫ X
0
Φ(x)
Cj −
∫
q0(x)Φ(x)dx
dx
)
= exp
(
−2Y (X)− 2
∫ Φ−1(X)
Φ−1(0)
dΦ
Cj −
∫
q0(Φ−1(x))dΦ
)
= e−2Y (X)
(
Cj −Q(0)
Cj −Q(X)
)2
,
where we’ve implicitly defined
Y (X) =
∫ X
0
y(1)(x)dx Q(X) =
∫
q0(x)Φ(x)dx
It is not difficult to see, then, that the expression for
each diagonal element is quadratic in Cj and has only
two solutions. In fact, even if one were to consider two
arbitrary boundaries for the random walk, i.e.: that −X
be replaced with X1 and +X be replaced with X2, then
the expression for Cj would still be quadratic and, again,
yield only two possible solutions.
Finally, we can group the diagonal elements of M1 and
M2 in terms of the two possible values of Cj and express
the entire measurement operators as the linear combina-
tion of two orthogonal projectors. In order to complete
the proof of Theorem 1, we must justify the appearance
of unitaries U1, U2 and V . First, the rotation V is sim-
ply any rotation that an experimentalist applies to the
system S before beginning the measurement procedure.
For this reason, it does not depend on the measurement
outcome. On the other hand, U1 and U2 are rotations
applied to the system after the continuous measurement
procedure is complete and do not have to be identical.
We can absorb the diagonal unitary matrices W1 and
W2, which accumulate over the continuous procedure,
into the definitions of U1 and U2 respectively.
B. Constraints on weak unitary pulses
In the section above we made repeated use of weak
unitary pulses to reduce the equations for reversibility.
However, some of these were generated by Hamiltonians
with products of H1, H2, and H3. Since we aim for our
result to apply for a general but fixed interaction Hamil-
tonian HPS or, equivalently, three system Hamiltonian
terms HX , HY , HZ , it may be too demanding to assume
that a set of unitary pulses generated by their products
would also be readily available. For this reason, we now
consider satisfying the reversibility condition again, but
only allowing weak unitary pulses generated by linear
combinations of HX , HY , and HZ .
We examine this more restricted set of solutions to the
reversibility condition by reintroducing the constraints
on H1, H2, and H3 that we removed in the previous
section by using a weak unitary pulse generated by their
products. In particular, we reintroduce the conditions on
A¯ and B¯ that required
{H1, H2} ∝ 1, and [H1, H3] ∝ 1.
The second of these is already automatically satisfied.
The first yields the following relationship between the
eigenvalues of H1 and H2:
xj(x)yj(x) = γ(x) ∀j, x, (13)
for some γ(x) independent of j.
So far our result has only placed a restriction on the
number of distinct singular values that the measure-
ment can have. Here we’ll actually be able to prove
something about the singular values in the interaction
Hamiltonian. We define ~λj = (λ
(x)
j , λ
(y)
j , λ
(z)
j ) as the
triplet of the jth eigenvalues of HX , HY , and HZ , and
~λ′j(x) = (xj(x), yj(x), zj(x)) as the triplet of the j
th
eigenvalues of H1(x), H2(x), and H3(x). In the solu-
tion from the previous section, each ~λ′j(x) corresponds to
some ~λj via a rotation. This rotation takes each triplet
from the original basis, to the probe basis in the same
way that |σ(x)〉 and 〈Ψ±(x)| were rotated from the orig-
inal basis to |0〉 and 〈±|.
Since we found only two solutions for yj(x), we must
also restrict ~λj to lie in one of two planes in the original
basis. Furthermore, the restriction in Eq. (13) requires
that the vectors ~λ′j(x) be constrained to lie on one of two
lines parellel to z in the probe basis. In the original basis,
this restricts all vectors ~λj to lie on one of two parallel
lines, l1 and l2.
If we have only two assignments for ~λj then any probe
basis is possible so long as the resulting yj(x) match those
of the solution to the Ricatti equation above. However,
with three or more assignments, we can only allow probe
bases related by a rotation around the axis parallel to
the lines l1,l2. The constraint Eq. (13) limits this even
further and we require that y1(x) = −y2(x), meaning also
that ~λj = cj~λ0 ± ~λ1 for some constant cj , ~λ0 parallel to
the lines l1, l2, and arbitrary ~λ1. This last expression for
~λj completely restricts the interaction Hamiltonian one
should use if only pulses generated by linear combination
of Hamiltonian terms are available.
IV. INTERLEAVING UNITARIES
In [2] the authors generalize their result for positive
measurement operators to general measurement oper-
ators by taking the polar decomposition of the end-
point measurement operators. In other words, M1 =
V1(M
†
1M1)
1/2, and similarly forM2. They then construct
7a one-parameter family of unitary operations {V (x)}x
that yield V1 at x = X, V2 at x = −X and 1 at
x = 0. The step operators are first constructed so as to
correspond to the positive operators (M†1,2M1,2)
1/2 and
padded by unitary operators chosen from the family V (x)
as follows
M±(x) = V (x± δ)M˜±(x)V †(x) (14)
where M˜±(x) is the step operator for the positive part
of the polar decomposition. We will show that in our
analysis, padding the step operator with this family of
unitary operators is equivalent to a shift in the H1(x)
term. Consider expanding the M˜±(x) term in Eq. (14)
in terms of δ,
M±(x) =
1√
2
V (x± δ)V †(x)
+iδV (x± δ)〈±|H ′PS(x)|0〉V †(x).
Recall that V (x) forms a continuous family of unitary
operators, and if we let V (x) = eiδG(x), then
V (x± δ)V †(x) = 1± iδ∂xG(x).
This means we can summarize Eq. (14) as
M±(x) =
1√
2
+
δ√
2
{
±i
(
H˜1 + ∂xG
)
∓ H˜2 + iH˜3
}
where H˜1,2,3 = V H1,2,3V
†. Thus, for this scheme we still
recover the result of Thm. 1 but with a small modifi-
cation. Namely, an experimentalist now has the power
to introduce a shift to the H1 term which contributes
directly to the unitary terms U1,2 that appear in the
endpoint measurements M1,2. It is important to note,
however, that we’ve not affected the singular value de-
composition of M1,2, for which there are still only two
distinct singular values.
V. GENERAL DIAGONAL MEASUREMENT OF
A QUBIT
While the results of this paper restrict the class of mea-
surements that can be achieved in general by this model,
it is sufficient to realize any 2-outcome measurement on
a qubit. We now consider performing a generalized diag-
onal measurement on a qubit via a continuous decompo-
sition (Def. II.2). A generalized diagonal measurement
takes the form
M1 = W1·
[
α 0
0 β
]
, M2 = W2·
[ √
1− α2 0
0
√
1− β2
]
where W1 and W2 are unitary matrices. We will effectu-
ate the continuous decomposition via a sequence of probe
feedback loops (Def. II.3) and the interaction Hamilto-
nian ZP ⊗ ZS . Expressing the interaction Hamiltonian
in the probe basis yields
H ′PS(x) = X ⊗ (nx3(x)Z) +Y ⊗ (ny3(x)Z) +Z ⊗ (nz3(x)Z)
ThusH2(x) = n
y
3(x)Z and its diagonal values are y1(x) =
ny3(x), y2(x) = −ny3(x). In this case, if we return to the
Riccati equation (12), we see that we must choose values
of q0(x) and q1(x) such that both n
y
3(x) and −ny3(x) are
solutions. If we add and subtract the Riccati equations
for the positive and negative solutions, we get instead the
following two equations:
2 (ny3(x))
2
= q0(x), and ∂xn
y
3(x) = q1(x)n
y
3(x),
and we see that our solution must be
ny3(x) = exp
(∫
q1(x)dx
)
,
with q0(x) = 2 exp
(
2
∫
q1(x)dx
)
. The step operators
take the form
M±(x) =
1√
2
∓ δ√
2
(ny3(x)Z − c(x) cosψ(x)1)
+
iδ√
2
((±nx3(x) + nz3(x))Z ± c(x) sinψ(x)1)
where, as we’ve defined before, c(x)eiψ(x) is the warping
of the probe basis, and q1(x) = −4c(x) cosψ(x). We can
simplify this operator by choosing ψ(x) = 0 and nz3(x) =
0. This forces nz3(x) =
√
1− (ny3(x))2. The simplified
step operator is
M±(x) =
1√
2
∓ δ√
2
(
e−4
∫
c(x)dxZ − c(x)1
)
± iδn
x
3(x)Z√
2
.
(15)
This gives the first endpoint operator the following form
M1 ∝W1 · diag
{
exp
(∫ X
0
(
−e−4
∫
c(x)dx + c(x)
)
dx
)
,
exp
(∫ X
0
(
e−4
∫
c(x)dx + c(x)
)
dx
)}
,
and the second, the form
M2 ∝W2 · diag
{
exp
(∫ 0
−X
(
e−4
∫
c(x)dx − c(x)
)
dx
)
,
exp
(∫ 0
−X
(
−e−4
∫
c(x)dx − c(x)
)
dx
)}
.
If we choose the probe basis warping c(x) to be
c(x) =
1
2
(tanh (x− a) + tanh (x− b)) ,
then we recover the endpoint operators
M1 ∝W1 · diag
{
e
∫X
0
tanh(x−a)dx, e
∫X
0
tanh(x−b)dx
}
,
M2 ∝W2 · diag
{
e−
∫ 0
−X tanh(x−a)dx, e−
∫ 0
−X tanh(x−b)dx
}
,
8where W1 = e
iθZ and W2 = e
−iθZ for some value θ re-
sulting from the integration of nx3(x). An appropriate
choice of a and b will yield the desired generalized diag-
onal measurement:
a = ln
√
tanhX + (2α− 1)
tanhX − (2α− 1) , b = ln
√
tanhX + (2β − 1)
tanhX − (2β − 1) .
The following choice of probe basis corresponds to the
values of ~n3 described above: ~n1 ~n2 ~n3
 =
 0 −c(x) √1− c(x)20 √1− c(x)2 c(x)
1 0 0

Figure 3 shows a simulation of this scheme for α = 0.8,
β = 0.2 where the initial state of the system qubit is
|Ψ〉 = |+〉.
VI. CONCLUSIONS
In this work, we’ve shown that a continuous decompo-
sition of a two-outcome quantum measurement using a
probe qubit and a constant interaction Hamiltonian can
only yield measurements with two distinct singular val-
ues. In the qubit-to-qubit scheme of section V this corre-
sponds to a biased diagonal measurement of the system
qubit. Of course, if we consider the recipe outlined in [2]
and use our decomposition of two-outcome measurements
in sequence to give rise to an n-outcome measurement,
then this larger measurement procedure can contain op-
erators with n distinct singular values.
The restriction to two singular values is a direct conse-
quence of the reversibility condition (Eq. (1)). This con-
dition, however, is a critical piece of the construction as it
guarantees that the desired “strong” quantum measure-
ment is faithfully produced at the endpoints. Without
the reversibility condition, the continuous measurement
procedure is not guaranteed to halt.
In some sense, our scheme is a restricted version of the
large-ancilla continuous measurements in [1]. Although
high-dimensional unitary rotations are not a limiting re-
quirement for quantum computers, for individual quan-
tum systems they can still be restrictive. Our scheme
reduces the requirement on the number of probes that
need to be simultaneously entangled with the system to
one probe for a brief interaction time. It also character-
izes the possible measurements in terms of the interac-
tion Hamiltonian of the quantum system. The scheme
presented here could be of use for generalized measure-
ments in some types of qubits, such as superconducting
qubits [11].
Although we’ve only analyzed probe feedback here, we
can also analyze Hamiltonian feedback, where control
parameters of the Hamiltonian become functions of the
pointer variable x. In this case, the reversibility condi-
tion restricts not only the probes and detector states but
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FIG. 3: (color online) (a) At the beginning of the pro-
cess the system qubit is in the |+〉 state, indicated by
the green vector. The continuous measurement proce-
dure causes the state to walk along the blue curve on
the surface of the sphere, sometimes reversing direction
and doubling back along it. At the end of the process,
the system qubit reaches the state M2|+〉/p2. (b) The
random walk undertaken by the pointer variable x, illus-
trated by the blue line, ends when the value of x reaches
either of the boundaries illustrated by the red lines. (c)
The amplitudes of the state evolve towards their post-
measurement values.
also the values assigned to the controls in the interac-
tion Hamiltonian. A detailed analysis of this scheme is
forthcoming.
Finally, one could also extend this continuous feedback
scheme beyond qubit probes to qudit probes or even con-
tinuous probe states. One natural reason for doing so
would be to embed the control parameters of a Hamil-
tonian, as described above, into free parameters of the
probe state. Alternatively, schemes such as [3] provide
a framework for decomposing n-outcome measurements
into a single stochastic process and this framework could
be extended to the interacting probe case using higher-
dimensional probes.
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Appendix A: Calculation of the O(δ2) terms of the
reversibilty condition
Starting with Eq. (6), we can write O(δ2) in three
parts, first
M
(2)
∓ +M
(2)
± =
√
2〈(H ′PS)2〉0 − 2
√
2cieiψ〈0|H ′PS |1〉.
Next,
M
(1)
∓ M
(1)
± = −〈∓|H ′PS |0〉〈±|H ′PS |0〉
±cie
iψ
√
2
(〈±|H ′PS |0〉 − 〈∓|H ′PS |0〉)−
c2e2iψ1
2
= −〈∓|H ′PS |0〉〈±|H ′PS |0〉 − cieiψ〈1|H ′PS |0〉 −
c2e2iψ1
2
.
We can always discard terms proportional to 1. Group-
ing together the last two calculations, we get
M
(2)
∓ +M
(2)
± − 2
√
2M
(1)
∓ M
(1)
±
=
√
2〈(H ′PS)2〉0 − 2
√
2cieiψ (〈0|H ′PS |1〉 − 〈1|H ′PS |0〉)
+2
√
2〈∓|H ′PS |0〉〈±|H ′PS |0〉
=
√
2〈(H ′PS)2〉0 + 4
√
2ceiψH2
+2
√
2〈∓|H ′PS |0〉〈±|H ′PS |0〉.
The two terms above, still expressed as functions of H ′PS ,
can be expanded as follows. First, note that
(H ′PS)
2 = 1⊗ (H21 +H22 +H23)+X ⊗ i [H2, H3]
+Y ⊗ i [H3, H1] + Z ⊗ i [H1, H2] ,
implying that
〈(H ′PS)2〉0 = H21 +H22 +H23 + i [H1, H2] .
Next note that
〈±|H ′PS |0〉 =
1√
2
(±H1 ± iH2 +H3) ,
which yields
〈∓|H ′PS |0〉〈±|H ′PS |0〉
= −1
2
(H1 + iH2 ∓H3) (H1 + iH2 ±H3)
=
1
2
(
− (H1 + iH2)2 +H23 ± [H3, H1]± i [H3, H2]
)
.
Putting this all together, we can now write Eq. (7).
Appendix B: Various lemmas
Lemma 1 (Probe basis of a weak measurement). Any
diffusive weak measurement given by a probe feedback loop
(Def. II.3) with a probe basis {~n1(x), ~n2(x), ~n3(x)} must
have ~n2 · ~σ ∼ O(δ). Thus, an orthonormal basis for the
Bloch sphere that approximates the probe and detector
always exists.
Proof. Recall that for a probe feedback loop we can ex-
pand the operator in orders of δ,
M±(x) = 〈Ψ±|eiδHPS |σ〉
= 〈Ψ±| (1+ iδHPS) |σ〉
≈ 〈Ψ±|σ〉 · 1+O(δ)
A diffusive weak measurement must always obtain both
results ± with nearly equal probability (up to O(δ)). The
probability of each result on a quantum state |Φ〉 is
p± = 〈Φ|M†±(x)M±(x)|Φ〉
≈ |〈Ψ±|σ〉|2 · 〈Φ|Φ〉+O(δ)
=
1
2
+O(δ)
which in turn means that |〈Ψ±|σ〉| ≈ 1/√2 + O(δ). In
the Bloch vector representation, this implies that ~n2 ·~σ ∼
O(δ).
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Lemma 2 (Commutator identity). For any Hermitian
operators Oˆ and Aˆ, if i
[
Oˆ, Aˆ
]
∝ Oˆ then Oˆ = 0.
Proof. First, let us express Aˆ and Oˆ in a basis where
Aˆ is diagonal, i.e.: Aˆ =
∑
i ai|i〉〈i| with ai ∈ R and
Oˆ =
∑
jk ojk|j〉〈k|. This makes our equation
i
∑
jk
ojk|j〉〈k|Aˆ− iAˆ
∑
jk
ojk|j〉〈k| = α
∑
jk
ojk|j〉〈k|.
for some constant α. Expanding the operator Aˆ yields
i
∑
ijk
(aiojk|j〉〈k|i〉〈i| − aiojk|i〉〈i|j〉〈k|) = α
∑
jk
ojk|j〉〈k|,
and this, in turn, reduces to
i
∑
jk
(akojk|j〉〈k| − ajojk|j〉〈k|) = α
∑
jk
ojk|j〉〈k|.
This implies that for all j, k we have (ak − aj) · iojk =
αojk and we find that Re {ojk} = −α(ak − aj) · Im {ojk}
as well as Re {ojk} = αIm {ojk} /(ak − aj), leading to
a contradiction. The only valid solution remaining is
ojk = 0 for all j, k exactly.
